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We investigate the effect of dispersion on convection in porous media by performing direct nu-
merical simulations (DNS) in a two-dimensional Rayleigh-Darcy domain. Scaling analysis of the
governing equations shows that the dynamics of this system are not only controlled by the classical
Rayleigh-Darcy number based on molecular diffusion, Ram, and the domain aspect ratio, but also
controlled by two other dimensionless parameters: the dispersive Rayleigh number Rad = H/αt
and the dispersivity ratio r = αl/αt, where H is the domain height, αt and αl are the transverse
and longitudinal dispersivities, respectively. For ∆ = Rad/Ram > O(1), the influence from the
mechanical dispersion is minor; for ∆  1, however, the flow pattern is controlled by Rad while
the convective flux is F ∼ Ram for large Ram, but with a prefactor that has a non-monotonic
dependence on Rad. Our DNS results also show that the increase of mechanical dispersion, i.e.
decreasing Rad, will coarsen the convective pattern by increasing the plume spacing. Moreover, the
inherent anisotropy of mechanical dispersion breaks the columnar structure of the mega-plumes at
large Ram, if Rad < 5000. This results in a fan-flow geometry that reduces the convective flux.
Convection in porous media controls mass and energy
transfer in many natural and engineered applications [1–
4]. This subject has received renewed interest due to
its potential impact on geological carbon dioxide (CO2)
storage, which allows large reductions of CO2 emissions
from fossil fuel-based electricity generation [5–7]. After
the CO2 is injected into the deep saline aquifers, it dis-
solves into the brine and increases the brine density. The
dissolution of CO2 eventually forms a stable stratification
and ensures secure long-term storage [8, 9].
The rate of CO2 dissolution is limited by mass trans-
fer of dissolved CO2 away from the CO2-brine interface.
Diffusive mass transport may take millions of years to
saturate the brine [10–12]. However, once the diffusive
boundary layer of dissolved CO2 in brine has grown thick
enough, it might become unstable and subsequently, con-
vection sets in and forms descending CO2-rich plumes.
This process greatly increases the CO2 dissolution rate
and significantly reduces the leakage risk of buoyant CO2
into potable aquifers or into the atmosphere [13].
Dynamics of porous media convection can be studied
in either a ‘one-sided’ system where convection is driven
by a source of buoyancy on only one boundary, e.g. the
solutal convection system [14–19], or a ‘two-sided’ sys-
tem where both of top and bottom boundaries actively
drive the convection, e.g. the thermal convection sys-
tem [16, 20–25]. These two systems share many common
characteristics in convective pattern and transport prop-
erties, although dynamics in the former generally evolve
over time while there exists a statistically-steady state
in the later. In this study, we focus on the two-sided
convective system to perform long-time direct numerical
simulations (DNS) for reliable statistically results.
In the absence of mechanical dispersion, the flow pat-
tern and transport flux of convection in porous media
are generally thought to be controlled by the molecular
Rayleigh number,
Ram =
k∆ρgH
µφDm
, (1)
where k is the medium permeability, ∆ρ the density
change between the fresh and the saturated water, g the
acceleration of gravity, H the domain height, µ the dy-
namic viscosity of the fluid, φ the porosity, and Dm the
molecular diffusion coefficient. At large Ram, convec-
tion appears in the form of columnar plumes fed con-
tinually with a series of proto-plumes generated from
the diffusive boundary layer. As Ram is increased, the
inter-plume spacing δ and the flux F in the quasi-steady
convective regime follow specific power-law scalings of
Ram, i.e. δ ∼ Ra−αm with the positive exponent α ≤ 0.5
[16, 22, 23, 26–28], and F ∼ Raβm with β = 1 reported
by [18, 21, 22, 27–32], although experimental results have
been interpreted to suggest lower exponents 0.8 ≤ β < 1
[15, 33].
However, recent bench-top experiments on solutal con-
vection in porous media show that Ram does not control
the convective pattern in typical granular media, because
mechanical dispersion is the dominant dissipative mech-
anism [34]. Mechanical dispersion in porous media is due
to non-uniformities in the flow that cause mixing of the
solute [35–37]. In an isotropic and homogeneous porous
medium, mechanical dispersion is described by two pa-
rameters: the longitudinal and transverse dispersivities
αl and αt, respectively [38–40]. Therefore, the hydrody-
namic dispersion tensor in the fixed Cartesian reference
frame can be expressed as
D∗ = DmI+ (αl − αt)u
∗u∗
|u∗| + αt|u
∗|I, (2)
where I denotes the identity matrix and the mechanical
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2dispersion scales linearly with the interstitial fluid ve-
locity u∗. As long as |u∗|  Dm/αl, D∗ ≈ DmI, so
that molecular diffusion dominates over hydrodynamic
dispersion; when |u∗|  Dm/αl, however, the mechani-
cal dispersion starts to dominate.
Recent studies by [34, 41–46] indicate that hydrody-
namic dispersion significantly affects the flow pattern and
mass transport of convection in porous media at large
Ram. The numerical simulations by [42, 43] show that
hydrodynamic dispersion enhances the convective mix-
ing and greatly reduces the onset time for convection;
however, the experiments by [34, 45] reveal that the me-
chanical dispersion coarsens the convective pattern and
reduces the increase of convective flux with increasing
permeability k. Particularly, the systematic experiments
by [34] illustrate that adjusting Ram via changing the
density difference ∆ρ or the medium permeability k may
result in distinct convective characteristics due to hy-
drodynamic dispersion. For fixed ∆ρ, increasing k (via
choosing a larger glass bead diameter d as k ∼ d2) raises
Ram but enlarges the inter-plume spacing δ; for fixed k,
however, δ is nearly fixed for increasing ∆ρ. Secondly,
for fixed ∆ρ, the dissolution flux F does not increase lin-
early with k and is lower than expected at high k; for
fixed k, in contrast, F ∼ cRa1m with decreasing prefactor
c as k is increased. Nevertheless, the vertical velocity,
via measuring the speed of the fastest descending finger-
tip, approximately increases linearly with both ∆ρ and k.
Some of the above findings contradict the classical pre-
dictions made in the absence of mechanical dispersion.
To understand the effect of dispersion on convection,
we perform DNS in a two-dimensional (2D), rectangular,
homogeneous and isotropic Rayleigh-Darcy domain. We
aim to identify the dimensionless parameters governing
convection in porous media with hydrodynamic disper-
sion, determine the scaling law for the quasi-steady con-
vective flux, and quantify the contribution of molecular
diffusion and mechanical dispersion to the hydrodynamic
dissipation. As mentioned earlier, we focus on a two-
sided convective system for long-time statistical results.
In previous studies, the dispersivity, αl or αt, and the
molecular diffusivity Dm are combined to define the char-
acteristic length and time scales or the Rayleigh num-
ber [42, 43]. In this work, however, we rescale the
system using the domain height H, the buoyancy ve-
locity U = k∆ρg/(µφ), and the convective timescale
Tc = H/U . We show below that this allows us to de-
couple the parameters controlling the flow pattern and
the flux which simplifies the discussion. Based on these
scales, we obtain the dimensionless equations
∂C
∂t
+ u · ∇C = ∇ · (D∇C), (3a)
u = −∇p− Cez, (3b)
∇ · u = 0, (3c)
where C, u = (u,w), and p are the dimensionless forms
of concentration, velocity, and pressure, respectively, and
ez is a unit vector in z (upward) direction. The dimen-
sionless hydrodynamic dispersion tensor is then given by
D = Ra−1m I+Ra
−1
d
[
(r − 1)uu|u| + |u|I
]
, (4)
and characterized by the molecular Rayleigh number
Ram defined in (1) and two additional parameters,
Rad =
H
αt
and r =
αl
αt
, (5a,b)
which are referred to as dispersive Rayleigh number and
dispersivity ratio, respectively. The dissipation by me-
chanical dispersion increases with decreasing Rad.
The flow is assumed to be periodic laterally with a
impermeable top and bottom boundaries. Solute con-
centration along the top and bottom boundaries is unity
and null, respectively. Hence, the boundary conditions
at the top and the bottom are given by
C|z=1 = 1 and w|z=1 = 0; C|z=0 = w|z=0 = 0. (6)
Note that the problem posed by (3) and (6) is formally
identical to the two-sided thermal convection problem in
which the domain is heated from below and cooled from
above. Here, (3) and (6) are solved numerically using a
Fourier-Chebyshev-tau pseudospectral solver developed
in [27, 28], the temporal discretization is achieved us-
ing a three-step semi-implicit Runge-Kutta scheme [47],
and the numerical scheme is parallelized using the Mes-
sage Passing Interface (MPI). In order to obtain reliable
statistical results, the DNS are performed up to O(103)
convective time units. As the transverse dispersivity is
usually an order of magnitude less than the longitudinal
dispersivity [48–50], we set r = 10 in all simulations.
To quantify the flow, we measure the convective flux
F at the top wall,
F =
〈
∂C
∂z
+
Ram
Rad
|u|∂C
∂z
〉∣∣∣∣
z=1
= Fm + Fd, (7)
where the angle bracket and the overbar denote the long-
time and the horizontal averages, respectively, the first
term on the right side of (7) represents the flux at the
boundary via pure molecular diffusion Fm, and the sec-
ond term represents the flux via mechanical dispersion
Fd. We also measure the inter-plume spacing δ by time-
averaging the dominant Fourier mode number at the
interior, the mean horizontal velocity at the top wall,
u˜ = 〈|u|〉|z=1, the mean vertical velocity at the interior,
w˜ = 〈|w|〉|z= 12 , and the magnitude of the time-averaged
w extremum value at the interior, wm = 〈max(|w|z= 12 )〉.
Figures 1 and 2 show the variation of the convective
flow pattern and the corresponding statistical DNS re-
sults as a function of Rad for Ram = 20000. When the
smallest diffusive length scale 1/Ram is much larger than
the pore scale of the medium d/H, i.e. Rad  rRam
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FIG. 1. Time-averaged horizontal-mean concentration profile
〈C〉 and snapshots of the concentration field C from DNS at
Ram = 20000 and r = 10 for different Rad. The domain
aspect ratio is L = 5.
as αt ≈ d/r [36, 51], the molecular diffusion dominates
the hydrodynamics dispersion [18, 22, 34]. Our DNS re-
sults reveal that only for ∆ ≡ Rad/Ram & 105, the me-
chanical dispersion can be completely negligible so that
the convection converges to the classical columnar flow
[21, 22, 27]. When O(1) < ∆ < 105, the relatively weak
mechanical dispersion slightly enhances the convective
transport but the flow still retains the columnar struc-
ture. For ∆ < O(1), however, the mechanical disper-
sion starts to apparently affect the convective pattern
and flux: the convection transitions to a fan flow with
laterally expanding mega-plumes along the vertical flow
direction, and the convective flux is reduced to approxi-
mately 50% of the high-Rad value at ∆ = 0.05.
Increasing dispersion thickens the diffusive boundary
layer, smooths the small-scale plumes near the walls, and
stabilizes the flow. Eventually, the convection becomes
steady at Rad = 100 (Fig. 1) and the flux is again in-
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FIG. 2. Statistical DNS results of convection at Ram = 20000
and r = 10 for different Rad. The domain aspect ratio is
L = 5. The dashed lines denote the results in the absence of
mechanical dispersion and the dashed-dot line separates the
fan-flow and the columnar-flow regions.
creased for ∆ ≤ 0.05 due to the large magnitude of the
effective diffusion coefficient induced by the mechanical
dispersion. Moreover, it is also seen from Fig. 2 that
the hydrodynamic dispersion coarsens the flow pattern
by increasing δ, and the mean buoyancy velocities at the
top and the interior, u˜, w˜ and wm, roughly follow the
same trend with the convective flux as a function of Rad.
It should be noted that the w extremum value, wm, be-
comes nearly constant for 0.025 ≤ ∆ ≤ 0.25.
Figures 3 and 4 show the convective pattern and the
corresponding statistical DNS results as a function of
Ram for Rad = 1000. The convection basically remains
a fan-flow structure at Rad = 1000 as Ram → ∞. In
particular, the inter-plume spacing δ is nearly invariant
when ∆ . 0.2; the mean velocities u˜ and w˜ are roughly
unchanged after ∆ . 0.05; and the horizontal-mean con-
centration profile C becomes almost fixed for ∆ . 0.02,
so that at the top and the bottom, the flux due to molec-
ular diffusion (i.e. Fm) levels off. In short, at sufficiently
large Ram, the flow pattern and the statistical system
quantities (i.e. C, δ, u˜, w˜ and wm) are independent of
Ram. Actually, as Ram →∞, the hydrodynamic disper-
sion tensor (4) reduces to
D→ Ra−1d
[
(r − 1)uu|u| + |u|I
]
, (8)
so that Rad becomes the only parameter controlling the
dynamics of the system (for fixed r). Thus, at large Ram
the concentration field C and the buoyancy velocity u
are determined by the dispersive Rayleigh number Rad,
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FIG. 3. Time-averaged horizontal-mean concentration profile
〈C〉 and snapshots of the concentration field C from DNS
at Rad = 1000 and r = 10 for different Ram. For Ram ≤
20000, the domain aspect ratio is L = 5; while for Ram >
20000, DNS are performed in a small unit L = 0.5 where
there only exists a single rising and descending mega-plume
but the turbulent convection still sustains itself.
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FIG. 4. Statistical DNS results of convection at Rad = 1000
and r = 10 for different Ram. L is as in Fig. 3.
as confirmed by our DNS data. Once C and u become
invariant in the limit of Ram → ∞, Fm ∼ c1 and Fd ∼
c2 ·Ra1m with the constants c1 and c2 determined by Rad.
A natural question concerns how the mechanical dis-
persion affects convection in the (Ram, Rad) parameter
space. For ∆ > O(1), the influence from the mechanical
dispersion is minor, so that both the convective pattern
and flux are controlled by Ram; for 0.02 . ∆ < O(1),
both the molecular diffusion and the mechanical disper-
sion are important to convection, e.g. they equally af-
fect the flux at ∆ ≈ 0.05; for ∆ < 0.02, the mechanical
dispersion dominates the hydrodynamic dispersion: the
flow pattern is determined by Rad, e.g. C = C(Rad),
δ = δ(Rad) and u = u(Rad), while the flux is predomi-
nantly controlled by Ram, e.g. F ∼ c2(Rad) ·Ra1m.
Below we apply these results to the recent laboratory
experiments on solutal convection in porous media [34].
In granular media, the mechanical dispersion is propor-
tional to grain size, αl ∼ d, so that the appropriate dis-
persive Rayleigh number is Rad ≈ rH/d [36, 51]. Hence,
increasing the grain size from 0.8 mm to 4 mm simulta-
neously increases Ram from 1.4·104 to 5.0·105 (∆ρ = 9.3
kg/m3) but decreases Rad from 3750 to 750, thereby re-
ducing ∆ from 0.3 to 1.5·10−3. For ∆ < 0.02, the me-
chanical dispersion dominates the hydrodynamic disper-
sion and determines the convective pattern. Therefore,
increasing the grain size at fixed ∆ρ intensifies the me-
chanical dispersion and coarsens the convective pattern.
On the other hand, varying ∆ρ at fixed k only changes
Ram and does not affect the flow pattern set by Rad.
Moreover, for fixed d, the prefactor c2(Rad) is con-
stant so that the convective flux, F ∼ c2 ·Ra1m, increases
linearly with ∆ρ; while for fixed ∆ρ, F is lower than
expected at higher k since the pattern transitions from
columnar flow to fan flow as Rad declines (Fig. 2). How-
ever, this reduction in F is accompanied only by a slight
reduction in wm (Fig. 2), which is consistent with the ex-
perimental observation that the speed of the fastest fin-
gers increases approximately linearly with both ∆ρ and
k [34].
Our DNS results and analysis above reveal that at suf-
ficiently large Ram, the convective pattern is determined
by the dispersive Rayleigh number Rad: the convection
appears in the form of columnar flow at Rad ≥ 5000 and
then transitions to a fan flow at Rad < 5000. Although
the convection also exhibits a fan-flow structure at small
and moderate Ram in the absence of mechanical disper-
sion [20, 21], the physics are different. The fan-flow struc-
ture here is due to the inherent anisotropy of mechanical
dispersion. As shown in Fig. 5, near the top and the
bottom walls the flow between the neighboring plumes
is dominantly horizontal, so the inter-plume spacing is
set by the lateral dispersion Dwxx ≈ Dm + αluw and the
thickness of the diffusive boundary layer is significantly
affected by the vertical dispersion Dwzz ≈ Dm+αtuw. At
the roots of the plumes, however, the flow is dominantly
vertical, so the plume width is controlled by the lateral
dispersion Drxx ≈ Dm + αtwr. The mass conservation
of the incompressible flow requires uw ≈ wr near the
wall. Hence, the inherent anisotropy of the mechanical
dispersion, r  1, leads to Dwxx  Drxx, and thereby the
increment of the inter-plume spacing is much larger than
that of the plume width. This asymmetry results in the
fan-flow structure and reduces the transport efficiency.
5(b)(a)
FIG. 5. Schematics showing the distribution of the hydrody-
namic dispersion tensor in the form of ellipse. (a): columnar
flow in the absence of mechanical dispersion; (b): fan flow
with mechanical dispersion. In (a), D∗ = DmI is homoge-
neous and isotropic; in (b), the anisotropy of the hydrody-
namic dispersion leads to an asymmetry between the rising
and the descending mega-plumes near the walls.
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